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set up:

e C < K™X™ linear of dimension ¢, k = Fy. (m >n)
e d(A,B)=rank(A—-B) for A, B € k™M*",

e (A, B)=trace(ABY).

o IfC=2CL, then C is called self-dual.

e Ciscalled MRD ifd(C)=d=mn— 1% +1.

e If C is a self-dual MRD code, then ¢ = % and
d=2+4+1>2.



Problem.

What can we say about self-dual MRD codes?

° Do they exist?

° If so, are they of interest?
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Disappointing: They do not exist in characteristic 2.

Theorem 1.
Assume that chark = 2 and C C Ct < K™X"_ Then the

all-ones matrix J is in Ct. In particular, d(Ct+) = 1.

Proof:

o A= (ay)€C.

e 0=(AA) =YY" %" a2 = (S X0 a;5)? = (4,J)2

e d(C1)<d(J0)=rankJ =1.



Example.
Let C < F2*2 be an MRD code of dimension 2. Then

_ . (10 _ (01
C_(A,B>W|thA_<a b) andB_<C d)'

Lemma 1. C is a self-dual MRD code if and only if the
following holds true:

(i) —1 ¢F2, i.e. ¢g=3mod4 and

(i) a2 + b2 = —1 and (¢,d) € {(=b,a), (b, —a)}.

Remark. All codes in Lemma 1 are pairwise equivalent and

equivalent to Gabidulin codes of full length.



Theorem 2. (Hua, Wan; ~ '50, '60)
If ¢ is a linear isometry of £™*" (m,n > 2) w.r.t. d(-,-),

then there exist X € GL(m, k) and Y € GL(n,k) s.t.

p(A) =kxy(A) = XAY for all Aekm*" (proper isometry)

or, but only in case m = n,

p(A) =1xy = XAYY for all A€ k™ "

Remark.

If © also preserves (-,-), then XXt = al,, and YY! = o~ 11,.



Proposition.
C < k™m*" with chark # 2 is properly equivalent to a self-

dual code if and only if the following holds:
(i) X =Xle GL(m,k), Y =Y!e GL(n,k)
(ii) det X, detY € (k*)2

(iii) C+ = Xcy.



Proof. Suppose that XoCYy =D = DL,

0 = trace (XoC1 Yo(XoCaYp)t) = trace (XoC1YoYICLXE) =
trace (X§XoC1YoY{Ch)

Put X := X{Xg and Y := YpY{. Then X and X are sym-

metric of square determinant and clt = xcy.

Conversely, (i) and (ii) imply X = X{Xp and Y = YpY{

(due to the classification of regular quadratic forms).



Main T heorem.

n2

Let C=Gnr < k"*™ be a Gabidulin code of dimension -

Then C is equivalent to a self-dual Gabidulin code if and

only if

n=2mod4 and ¢g=3 modA4.

(compare the result with Lemma 1)



To prove the main theorem we mainly need
Theorem 3. For 0 </ <n and k =g we have.

a) The group of proper automorphisms of Gor < KX s
AutP) (G, r) = {kxy | (X,Y) € (AIGY F x ATIG 1),
0<j<n-—1}

b) Aut(Gyr) = (AutP(Gy ), 771 1)

c) |Aut(gy,r)| = 2n(q" — DL

(Note: G- = (S), Singer cycle, detS ¢ (kX)?)



Lemma 4.

2 27
,  Where

n—1

® r:(%vq,“_mq )
i+
o T = (tj) where t;; =traceg_, g (77 "")

o ... 0 1

|1 0 ...0

° A= 0 .. .

0 1 O

(Essentially in Berger '02 and Ravagnani '15)
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Proof of the main theorem.
e Suppose that C = g%,,— IS equiv. to a self-dual one.
(1) C is properly equiv. to a self-dual code:
e C+— XC'Y € D=D".
o YICX?t € DI = (DV)L.
(2) ¢t =T1A"2cT-1 (by Lemma 4)
(3) ¢t = XCY with X,Y sym. and det X,detY € (k*)?

(by Proposition).
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(4) (A"/27-1Xx vT) = (AIS:, A—ISh) € Aut(C)
(by Theorem 3)

(5) What are the conditions that there exist triples (3, 7, h)
such that
X;;=TA"2Tis" and Y}, ,; = A~ishr—1

are symmetric and have a square determinant.

. iIs equivalent to n=2mod4 and ¢ =3 mod 4.

12



Final remarks.

e If g=1 mod4 or 4| n we do not know any example of

a self-dual MRD code in IFQX”.
o Is there a self-dual MRD code in F3**?

e (Morrison) In ngz there are 5 equivalence classes of self-

dual MRD codes.

e Are there interesting automorphism groups in the class of

self-dual MRD codes?
Aut(Gyr) = ((Cgno1Yq—1Cqn_1) x Cp) x (t), (t# 1 =12)

13



