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g-Steiner Systems

A q-Steiner system S(t, k,n), is a pair (N,B),
where N is an n-dimensional space over F, and B
is set of k-dimensional subspaces (called blocks)

of N such that each t-dimensional subspace of N
is contained in exactly one block of B.




g-Steiner Systems

Theorem If an S(t k,n), exists then
\_ an S(t—1,k—1,n-1), exists.

Corollary

A necessary condition for the existence of a Steiner
system S(t,k,n), is that for each i, 0 <i<t—1, the

n—
[t=i .
numbers - /lk_i] are integers.
t—i
q




Theorem (A g-Steiner system S(1,k,n), ( >
exists if and only if k divides n. Spread

Proof a primitive in GF(q"))
5 CI" —1 a” is primitive in the
TT g —1 subfield GF(q*) of GF(q™)

0, at, ', a't?", .., a”(zk‘z)’"}, 0<i<r-1,
are closed under addition
in GF(q™) = subspaces = S(1,k,n),




g-Steiner Systems
apr'lmmve in GF(213)
= {0, al1 alz als al4 als als 17} ]

CYC“C Sh'f"' aV = {0, aitt], giztl, gistl gistl gistl gictl giz+ly ]

[Fr'obenius map ] [ F(V) = {0, a?i gq?iz gq2is q2is q2is g2ie az'i7} ]

' G\or‘malizer‘ of Singer subgroup automoprphism )

(15 re r'esen'l'a‘l'lves) L 597 245
P 3-dimensional subspaces
Braun, E., Ostergard, Vardy, Wassermann, 2013




g-Steiner Systems

A q-packing system P(t,k,n), is a pair (N,B),
where N is an n-dimensional space over F, and B
is set of k-dimensional subspaces (called blocks)

of N such that each t-dimensional subspace of N
is contained in at most one block of B.




Asymptotic Behavior

< A(n) ~ B(n) if limA(")/B(n) =1asn - o, >
Theorem

If q, k, and t are fixed integers with 0 <t <k,
q a prime power, then

P(t k,n) ~ [t]"/[k]
tlq

Blackburn, E., 2012

as n —» o,




Punctured g-Steiner Systems

Given an n x m array A, the punctured array A’ is
an n X (m — 1) array obtained from A by deleting
one of the columns of A.

For a subspace X € G,(n, k) the punctured

subspace X' by the ith coordinate of X s
the subspace obtained by deleting the ith
coordinate from all the vectors of X.

‘ Lemma | A punctured k-subspace is either a
— k-subspace or a (k — 1)-subspace.




Punctured g-Steiner Systems

Representation of a subspace

‘A k-subspace X of Fy is represented h
by a (¢* — 1) x n matrix which contains

the g* — 1 nonzero vectors of X. Each
nonzero vector of X is a row in this

\ma'rr'ix. Y,




Punctured g-Steiner Systems

A punctured k-subspace is either a
‘ Lemmg k-subspace or a (k— 1)-subspace. )

If the punctured k-subspace X contains
the unity vector with a one in the ith

coordinate then X' is a (k — 1)-subspace.
Otherwise, X' is a k-subspace.

For a set of subspaces S, the punctured
set §' is defined as §' = {X": X € S}.

< Unless otherwise said, the last >
coordinate is the punctured one.




Punctured g-Steiner Systems

A t-subspace X of F7' is extended to a B

t'-subspace Y of IFZ", where t' >t, m' > m,
m' —m>t'—t if X is the subspace obtained
from Y by puncturing m’ —m times. Y

‘ Lemma ‘ If X is a t-subspace of Fy' then it can
be extended in exactly q' distinct ways to a
t-subspace of Fjtt.

‘ Lemma‘ If X is a t-subspace of F7' then it can be

extended in exactly one way to a (¢ + 1)-subspace
of Fytt.




Punctured g-Steiner Systems

p-punctured g-Steiner system

_ S@kmm,m=n-p

" A system S of subspaces of F7, in which "\
each t-subspace of Fy can be obtained

exactly once by extending p times all the
subspaces of S. This is done in parallel

\_  for dll identical subspaces of S.




Punctured g-Steiner Systems

Theorem \
7 If S is a q-Steiner system S(t, k,n), then

n-1

the punctured system S’ has [t'l]"/[k_l distinct
t—1
q

(k — 1)-subspaces which form a q-Steiner system
S(t—1,k—1,n-1),, S. Each t-subspace which is
contained in a (k — 1)-subspace of S is not contained
in the k-subspaces of S'. Each t-subspace which is
not contained in a (k — 1)-subspace of S, appears

Q«xcﬂy q' times in the other k-subspaces of §'. /




5(t, k,n; m),-Necessary Conditions

System of Equations

Variables - one for each possible
p-punctured k-subspaces of S(t k,n),.

quuations - one for each possible \

 p-punctured t-subspace of [Fy.

J




5(t, k,n; m),-Necessary Conditions

Dimension of subspaces to be covered

‘Ina p-punctured g-Steiner system S(t, k,n; m)q,\
the t-subspaces which should be covered by
k-subspaces, were punctured and reduced to
. s-subspaces, where max{0,t — p} < s < min{t,m}. |

Dimension of subspaces to cover an s-subspace

(] In a p-punctured q-Steiner system S(t, k, n; m)q,\
an s-subspaces which was p -punctured from a

t-subspace, is covered by an r-subspace, where
\max {s,k —p} <r < min{k — t + s, mj}. )




5(t, k,n; m),-Necessary Conditions

(N sm),(tn) - The number of t-subspaces in Fj A
which are formed by extending a given

s-subspace X of F'.

\—/
N — s(n—m—t+s)

[ (sm),(tn) = 9 t — g ] j

(C(S,t),(r,k) - number of t-subspaces in [y extended A
from a given s-subspace X of F', contained in an
r-subspace Y 2 X of F', which are contained in

_ the k-subspace of F; extended from Y. ,

— qs(k—r—t+s) [k . T]

C
(s,t),(r,k) t— g




5(t, k,n; m),-Necessary Conditions

-
Dg,.n - number of r-subspaces in F7' which

contain a given s-subspace X of F7'.
—

Fe— (Uniform design - each r-subspace\
[Ds,r,m = [ ] ] of F7' appears in S(t,k,n,;m),
q

with the same amount.

X, m - number of r-subspaces in a uniform
S(t,k,n;m), for any given r-subspace of F'.

max{0,t — p} < s < min{t, m}

_wvmin{k—t+sm}
N (s,;m),(t,n) -Zmax{s,k—p} D s,rm’ C(s,t)(r,k) ' Xr,m



Punctured g-Steiner Systems

C Uniform solution )

Xo4=1,X14=0, Xo4=09%(q*+1)

X34=q%q*-1), X44=q*—q'1+q




Punctured g-Steiner Systems

( Uniform solution )

Xo6=1X16=0 Xz6=q%q*+1)

| Xs56=(q"°+q')(q - 1) |



Punctured g-Steiner Systems

( Uniform solution )

Xo6=1LX16=0 Xz6=9%(q*+q*+1)

X36=9*q®+q°+q>-1), X46=9"(q" ' +q° +q" —q® + 1)

Xs6 =q' (@2 —q"+q°-1), X6 =q'°(q"* —q3 +q" —q°+ 1)




Punctured g-Steiner Systems
$(3,4,2k; k),
w

( Uniform solution )

3k_q2k+3 +qk+3)(q_1)
qk—3_1

X3, =q%(q@"— 1), X4y = <




g-Fano Plane
( Steiner system 5(2,3,7) )

‘ Fano Plane ‘

IWhat about 5(2,3,7),? I
|S(2, 3,7)q is a q-Fano plane |




g-Fano Plane

( Uniform solution )

Xo4=1,X14=0,X24=0q%X34=q*(q—1)




g-Fano Plane

Column operations

"1.Exchange of two columns. =
2.Replace a column with a linear
combination which consists of the
__replaced column with other columns. Y,

Theorem
(If Sis a q-Steiner system S(t,k,n), then
any system obtained from S by the same

column operations on all its k-subspaces is
\also a q-Steiner system S(t,k,n),. P

o\




g-Fano Plane

< Let S be a g-Fano Plane. >

¢ Z; - the unique 3-subspace of F which
starts with four all-zero columns.
Z, - the unique 3-subspace of F; which
.ends with four all-zero columns. )

Lemma | \without loss of generality
Lwe can assume that Z,,Z, € S.

Prooir’ Using column operations on a 3-subspace
C whose first three columns have rank 3.




g-Fano Plane

. 4 h
S — 8(2,3,7,4), q* + q + 1 1-subspaces

Xos=1,X14=0, with four zeroes in
X24=0q%X34=q'(@-1) ) | specified positions.
A - set of 3-subspaces of S which form the

q*(q* + 1)(q* + q + 1) 2-subspaces of $(2,3,7;4),
obtained by puncturing the last three columns.

B - set of 3-subspaces of S which form the
q*(q* + 1)(q* + q + 1) 2-subspaces of $(2,3,7;4),
obtained by puncturing the first three columns.

|a] = |B| =@+ 1D (@*+q+1) |AnB| =(q® +q+1)°




g-Fano Plane
A - set of 3-subspaces of S which form the
q*(q* + 1)(q* + q + 1) 2-subspaces of $(2,3,7;4),
obtained by puncturing the last three columns.
B - set of 3-subspaces of S which form the
q*(q* + 1)(q* + q + 1) 2-subspaces of S(2,3,7;4),

obtained by puncturing the first three columns.

|A] = |B| =@+ 1D (@*+q+1) |AnB| =(q® +q+1)°

|A\B| = |[B\A| =(@®+q+1)(g*—q-1)




g-Fano Plane

Csmr"r with uniform solution for S(2,3,7; 4)0

Xo4=1X14=0, Xo4 =q% X34 =q*(q—1)




g-Fano Plane

S — 5(2,3,7;4)4 Xo4=1 X14=0, X24=0% X34 =q*(q—1)

[11‘ ~  5(2,3,7;5), ]
a4 )

A 3-subspace of F; can be extended in g3

different ways to a 3-subspace of Fj.
S EEEEEEEEE—————————————.

Each 3-subspace of F; extended from a 3-subspace
of F; appears q(q — 1) times in T.




g-Fano Plane

S — 8(2,3,7;4), [XOA =1,X14=0,X,4,=9%X3,.=q*(q— 1) )

T - 52375, |

There are (g% + 1)(q* + q + 1) 2-subspaces
in Fg, each one appears q* times in S.

[qz(q2 + 1)q* should be extended to 3-subspaces. ]

[qz (g% + 1)(q + 1) should be extended to 2-subspaces. ]




qg-Fano Plane

S — 8(2,3,7;4), CXOA =1,X14=0,X,4=q% X3, =q*(q - 1))

['JI‘ ~  5(2,3,7;5), ]

(The (¢* +1)(¢* + q + 1) 2-subspaces in F; )

are partitioned into qg* +q+1 spreads, Beutelspacher 1974
each one of size g* + 1. Baker 1976

r , B
A - q° spreads.

Two sets B - q+1 spreads.
-



g-Fano Plane

S — 8(2,3,7;4), [XOA =1,X14=0,X24=9*X3,=q*(q— 1) )

['JI‘ —  5(2,3,7;5), ]

A - ¢q* spreads.

Two sets B - q+1 spreads.

2-subspace from A is extended
intfo a unique 3-subspace in T.

Each g copies of a 2-subspace from B are
extended into the q* possible 2-subspaces in T.




Recursive Construction

[kElorB(mod6)J

. p-punctured g-Steiner system :

S(2.3.0 [<2]), , p=k— [ .




Recursive Construction
$(2,3,2k+ 1,k + 1),

[kElorS(modG)]

( N\ [ )
f-o[“;"], equations | | Xio[“]"] ~variables

. J . J




Recursive Construction
$(2,3,2k+ 1,k + 1),

[k510r3(m0d6)]

( Uniform solution )




Recursive Construction

(- )
S - k-punctured q-Steiner system

$(2,3,2k+ 1;k+1),..
—

r

T - p-punctured q-Steiner system

$(2,3,2k+1L,k+1+ [%J)q,.p =k — 1.
-m— ——

r = |%| columns should be added
to each subspace of S to obtain T.

5(2,3,k;T), exists.

~\




Recursive Construction
r = |¥| columns should be added
to each subspace of S to obtain T.

\

-
[kg’l]q distinct 3-subspaces in S, each

one appears q**1(q — 1) times in S.

A 3-subspace of F' has q° distinct
extension to a 3-subspace in Fj'tt,

(Each 3-subspace of Fi*1*" extended h
from a 3-subspace of Fit! will appear
in T g**1-37(q — 1) times.




Recursive Construction
r = |%| columns should be added
to each subspace of S to obtain T.

( )
k

The 0-subspace appears ) "/[3] times in S.
2iq
-—
Recursive step

k
The [2]"/[3] subspaces of an S(2,3,k;1),
Zlq
are appended to the 0-subspaces of S.




Recursive Construction

4 N
Large set (1- parallelism) of spreads in

Gy(k+1,2) - a‘- spr'eads of size q:;r:l.
o J
2" sets
/ N

One set - 2K —1 spreads.

2" — 1 sets - each one 2K spreads.
N y




Recursive Construction
27 sets

{ One set - 2% —1 spreads. }

[2-subspaces = 2-subspaces}

{ 2" — 1 sets - each one 2¥" spreads. }

[2-subspaces = 3-subspaces}




[ Open Problems ]

[Find new q-Steiner systems ]
Prove the nonexistence of some
currently possible q-Steiner systems.

Analyze the 1-punctured
q-Steiner system S(2,3,7;6),.

Find new p-punctured
q-Steiner systems.







